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ABSTRACT

In this thesis, we first review some fundamental theory on elliptic curves, especially
on the group structure and their endomorphism rings. Based on these works, we show the
estimation theorem of the number of rational points on elliptic curves over finite fields,
so-called Hasse’s theorem. In addition to this, we study two kinds of linear codes, which
are based on finite planes and families of lines or elliptic curves, respectively. Some
basic analysis is also provided. Furthermore, we propose a series of conjectures about
linear codes constructed by elliptic curves over finite fields [, and [,s through intensive
numerical computation. They cover the rank of parity-check matrices, and the minimum

distance of these codes.
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18 HREN

K&t L2 — TS 22 R R IR 2 TN A, 807 5 2 T A
MR ERIER [1-2]. EEgmaEierhtERZHIMN A, than b —&5 e 5
HHZRAIIE Y Goppa 5, FHETRZHIZR

W—y=ax+ i
A RN E XA Melas #3F0 Zetterberg 13, HH p B —1NEE. X TLALEY
Y BARTE AR R MR, 3278 R A2 (3], 1AL, IEH I =y 0 B fh 2 i =< Y
Reed-Muller 78, X TIXRREAYMERT, 358 Al A2 [4]; X T LIRR R, & A AZ
% [5].

FoAIT H e B A — 28 A BRI B AR h Ll i 4 1S S BRRE R (inci-
dence matrix) R S BAEREAE RS HERE (parity-check matrix) 25 HIHUZR MRS,

A NI HYIX R ZR M m 2R Ja A PRI B L — M ¢ 4E
ST TR AL X A R AR e 1 A BRI AR [ Pl 2R TR S R, IX SRS A48 77 BRI
R, FBENTH S R B R A YR SO — S e B A £, T a1t —
TE HYRR T 45 ) mU0R0 AT BB 2R < TR B SCHBRAE I, I ] IH AR AR S RE RS 2]
— MR, TR RN RSB LS RE e AT IE A LT 5 B 2, (B HAREURFLE,
ARk, A RN ASHY B/ N B EE AN ARG, IXAERURS RS TR R 1 < T

PATI 2 BB V- [ RS 2 RIS N B, [6-7] WE5E 1A RIS F, RIS 211
P? (F,) b 1 4B LA SRR SRR R AR, [7] 1848 ] 1 X SRR FERE (A%
WA SR TER R/ NERS. SO, [8-9] Al T —MRETZ A P (F,)
Hd — 1 YERE A AR SRR PR RIRR. A, (8] IE45H THEA IR F,
H g B—DREWER T, —RAMEZE P (F,) (1 <t < d) 4 FH A
TERHIRHRAE FE AR, 7EIX — IRl ERYER K ACE 2 [10], XWX ER S TEEER
B, BRI ERE P (F,) W (1 <t < d) GEETEIR R R SCRAE R AR

REDRE R, FRA1T IR 55 220 R I Y 5 2 25 (8] b R4 i msUR A e Tl AR 7
2BV L RE RS0 5 23 (AT FR M S OC IR AR P, R IX S R BRAE MR RT3 46 T 8], 1X
SRS TAREE, L d+ 1 gE0752ER A (F,) o d 45 A SRR
RIEFERIRR. HE—204th, [10] B TRRZE—RARIEF, b d + 1 4ET5 SR
AC(F) H1 (1 < 1 < d) EE TN RE R CBRAERERIRR. T (1] B2 EE T



X —[F] .

168 I WG [ e R A RS O AR SRIR T [12], IX R S E 4 Y T s e A BR
TH] 457 7 AR [ R e 1 R P A s T ARG ] P 2R BSOS TR R Y S S8 2 TR 2%
R, WIS T — 2 RPRIERE, DA E MR R B 2 ST — e ms. 1X s SCEE[RI
ZEH T R TIX RS ARG AR MR RTINS B AR B 70 A

FATHIBFFTRE PUX T SCEE A A RO S MRS oy Bl RN X 2SR A A% 56 RE PR A
PRAIIX RS 1Y o/ NEE AT IRA . AT RERER], 2T F,e 2— 1T &
0 B O75FE A% (F,) LAOREE EhZIRZ TR SCBRAE M B 24 2 — AT RR AR (FR
p=23). METHRAEN 2 BRI Ry FIISFE A? (Fy ) HAOME L& T r ¢
RAEPEIRR I 22 35 — 1. DA IR AE R IR T LR PERS B B /INBE B B XY 2 28 + 2
(FR s = 1,2). BATHAT 7T REVEUEHTBERHEEF L, 18 7 _EEAE.

FATHY S EE Ao i B i 2 b REES A P 45 S R AU UE AR 92 T — AR B0 Aoxt
Cayley-Bacharach 7EHVEE IR . AN, XERL S [13-14] T2 H A H 2 HL1E
PRRE MR 7T IR UERR A By, A5 T A% (Fys ) b B ERIGAN R B SR RE R
FIRE, BT LT,

SEETIN S NERr. BB ER O BT — RIS RO B fh 2RI RESE A AN B [FAS
N, FFUERA 1A BRI A [ 2k YA PR RUfE T, Hasse 3. 88 = BB 0@ Mt T4kl
T A B A RITR RN AL T8 BR - 1 B B SeE 5 H I ER MRS BIRE R 704, S8 IR 595
BB 5 PR - 10 A B 5] 2R 028 Y 2 M S B A I AR AN SR R AR R A R ST
A EF AR AT, &R TRETESR, THEH 7T F, # Fy
T I8 SR ERRE R B RRRION B e MRS B/ NEE B BUFE AR 88 il FRIR T AR 4 1L



£2F MHEHZ

& k2L

2.1 WERLINE ARG
2.1.1 (A5FmE, ST

FBATHE N S T 5 AN 52 A e K EE [15-16].
E Xk _ERASETR A% (k)

A%(k) 1= {(x},x,) € k*} .

ZE K\ {0,0,0)) LRI —NEM KRR (x1,x0,%3) ~ (x], x5, x5) WRETE
A € K* TS (x], x5, x5) = Alxy, x5, x3). IERL (x1, %0, x3) FERXDENT SRR NILER
BNIN [x1, x0, x31, W k _EFISHEE P2 (k) & XN:

P2(k) 1= {[x, %), x31|(x1, X3, x3) € k> \ {(0,0,0}}.

FRATIFR [x1, %o, x3] B P2(k) HORT I S IFF IR AL .
EEGHFE BN FEETA ;0 A%k) - PXk)( < i < 3), HF
LY =Lyl oG y) = s Lyl (. y2) = [1L vy, vl TE X
Ui = {[x1,x3, 53] € |]3’2(k)|xl- # 0}, H; = {[x], x5, x3] € Pz(k)|xi =0}(1<i<3).

FEEE y B A2 B U, IR, UL, U, = P2(k), FIED P2(k) BRI SETA] DL
I {(A%(K), 1)} 1<ics 2B —DISHRTRAEDR.

AN, BATEEE PA(k) ERISHEER, B GLEG, k) £ P2 (k) EMITER. 1T
B [x, 9, z] € P2(k) F1 @ € GL(3,k), It (x',y',z") = ®(x,y, z), WFATFR & 1
HTER [x,y,z] B2 X, ), 2']. WX MMERE BRI E X, mH GLE3, k)
£ P2(k) ERITEH 2 RERY, BN GLG3, k) 1F k3 \ {(0,0,0)} ERY1ER 2 RER.
AL [E B T [x0, Yo, 20l € P2(k) B, FATER AT UEECE N @ e GL(3, k) 15
D[xy, Yo, Zol = [0,0, 1], AFATRATH AT LA H A%(k) El P2 (k) FISB — DR 1 =
@~ oy i A2(k) = P2(k). ITEREEF] 1(0,0) =[x, Yo» Zo]-

FAIFR € 2 k ERY—5% d R ARBCFIS%) #hZk (d e N), WRFAE d 57



RZIR F € k[x, y, zl, {#15
{[x,,2] € PX(k)|F(x,y,2) = 0} =: Zp(k) = C.

FREZET F 2 NFFREMR, Zp(k) 1E P2(k) _EEJE RE XM, 1 IRFEHEHEHZ
Al DARIFRE . BAIFR C' & k _ERY—4% CF) 1Sk, WRAEFTE F € k(x, y, 2],
15

C’ = {(x,y) € A*(k)| F(15(x, y)) = 0}.

1R SOARE R B SUI, FATTA IR {75 5 il e HR £%.
& C = Zp(k) 2 k ER—5FHEBIZR. S [xg, yo. 2ol € C, BAFRA [x0, yo» 20]
ik SR L SIS

oF oF oF
a(xo, Yo Z()), a—y(xo, Yo» Zo), E(xo, Yo, Zo)

1E k N2 0. BNHR [xg, vo, 20] B TRER. FATIR C = Zp(k) ZAERT R
W), WR Zp(k) EENSERIER R, SRR, 2 2 k1
RECAE. R P e C = Zp(k) B—NEFRA, X ZTR

G(x,y,z2) = %—I;(xo, Yo» Z20)X + %—I;(xo, Yo» 20)Y + %—:(xo, Yo» 20)Z € kl[x, ¥, z]
TE P2(k) FIE SRR Zg(k) N C VIR, IE/E Lp(C).
21.2 WHEHZHEX

JHIT Weierstrass FRifERIIRIE X — ME BRI SRR 77 2R B [16]%%:
EX 2.0 1E P2(k) AN

y2z +axyz+azyz= x>+ azxzz +ayxz, + a6z3

A — 25 AR AT 57 = IR ZeFR (MR I i 2%
FL R A PA(k) ERVARE F =S RE DS F AL O IX AR
T, B TEAE2.1.3F I IR IX — I AR,

AR RIE Y —MEAEZRBULMESNE TR E (1717, X0
TE X E I NEE H N T B AR RO, BRATRTE2. L4 40 IO AR Hh 2%
FRBEGEAE. TERIRIX D E S, FATIFRZE S5 | 2 208 Riemann-Roch &
BT R AR, BT US%E (151 8 (1717 12,

% C B —FNIEHL, I8 k(C) & k L%k ¢ WEREIH, Div(C) /& C BIFRT



B B NERT D € Div(C) #i T AS (EE A

D= ) npP,

PeC

Hrbnp e ZzMBERABEERZA np IEF. T

S

PeC
4 D 1), I2AE deg D.
%P eC B NETRMA KCl, BHIZ C £ P SBHI, mp 2 k[Clp

IR R EEAR, 5 X k[C)p ERRIERRE vp 2 K[Clp = Ny U {o0}
vp(f) =sup{d € Z|f € m},
BT vp (ﬁ) = 0p(f) — vp(g) FEIHZE k(C) L. FefiTHR
Y vp(f)P

pPeC
N f BIBRT, I2E (f). EREINTEA £, AEERZD v,() BIEAN 0, A
LB R BAFE K. BATFEF— R T D € Div(C) B2—MEBRT, NREFEEED
f € k(C)* #15 (f) = D.

BATFE MR T Dy, D, € Div(C) =R, 2R D, — D, 2— PN FERF.
FHEFAFIXE—NEM R, FRETFEE Div(C) 1EIX MEN R T HIRIEEN Picard
B (BBR¥EEE), 1D1E Pic(O).

— RV E B HBERR T8 LT SR BT 11713 %t 2 k(C) £ P i —
LI (uniformizer), WX FER ¢ ERFEFMAER o, BEERE—FH—NEL
g € KO) [ 0= gdt, 102 =g Bl 0p (L) 2 o 7 P AHIHL IHE 0p(0).
NTHMEENHMITER o, EZ2HERTH P e C 13 vp(w) # 0. EX o N
HIER T (w) € Div(C) A

(@) 1= ) vp(@)P.

PeC
BATFR— DR T D 22— PMHEFR T (canonical divisor), i1 RFEE MU TER ©
#153 D fl () TE Pic(C) AT MR — TR, FEHRITIRESE 1751
5 —FhE HTERR TR T RORIE T (151, BEMHEZNEILHIES. &
& C 1 k LN E Qc, BT € B—5—4EMh&, Tl Q0 & ¢ LA
B, AtFET ¢ EHINE oc. TX N NEEEN RPN E—NRFERE—1
BLYERR Y.



BATE—DBRTF X pecnpP = D € Div(C) Z2—MHRURT, W N FN

P e CH#E np > 0. BATE 2(D) 2
L(D) 1= {f € k(C)*|(f) + DEBEMET} U {0}

B 2(D) B—MNERYE k-&tEam, 2T HELWIERIES S (15122 12
dim £ (D) = (D), ¥ 15 Riemann-Roch 7EFE.
EIE 2.1 (Riemann-Roch): & C 2—5CIFHIZL, K & C LI — P ILEERF, A
I, FIE— DB g > 0 (H15ENME ¢ WERF#f Div(C) HFEYITE D € Div(C) &
=

I(D)—I(K—D)=degD—g+ 1.

HA g #iE C BT84,
IERE:  1ESE (1512902, n

£ Riemann-Roch EHEAIRIE R, FATIXFREE SRR £k
ENX 22 & C 2k FH—%&5N8 1 WEF R, 0 e C, B8R E A
(C,0) & k Fr— 2% MR Hhek.

2.1.3 Weierstrass L EFT

BATX IO E 2. 1AM, RIS e —E 501 PX(k) HIFFTR=
IR HHZR Y Weierstrass PRIEFZ .

FA1Se4h il 2 EZH R EEIRE S,

W C=Zpk) &k EW—5HE, L = Zo(k) B—5%E%, F € k[x,y,2],,G €
klx,y, zl;, W P = [xg, yp» 2] € C N L. EBHA 1 @ A%(k) — P2(k) {18 1(0,0) =
[X0» Yo, Z0)- 1€ f(x,¥) = F(u(x, ), g(x,y) = G(i(x, y)). FRELE £, g RASFEFT
RZI, BIEETTIRR f(x,y) = fo, ») + 16 0) + - + f4(x, 9).8(x,p) =
go(x,¥) + g1(x,y), HH fi(x, ), 8/(x,y) € k[x,y],(1 <i <d). HEARE f(0,0) =
£(0,0) =0, ATEA fo(x, ) = go(x,¥) = 0.

2 g1(x,y) = ax + by, HF a,b € k AR 0, M g(x,y) = 0 WFERE
Z (k) c A2 ESEEFRTR ¢ 1 k — Z,(k)

—bt
- [
at



T 2
d d .
f(d@) =Y fi=bt,aty =Y i fi(=b,a).
i=1 i=1

AR C M LTE P ARHIAHRREEL i(P;C, L) Y
{min{i eNI<i<d f(=b,a)#0} if f(p(t)#0
i(P;C,L) = .

+00 otherwise
HTHE, AW i(P;C, L) =0, iR P ¢ C n L. ZMREGIRRE: B SUEH
i(P; C, L) FIFT I B JE R (7 S 2B AR R TE 6.

FAIFR ¢ ER—DEERA P 2—TPIR, 5% P X C WYIZL Lp(C) 1 C
1E P IIAEAZEEL i(P; C, Lp(C)) > 3.

BB, EREHME - NMEHEZREI UGS E T BATARX
BN 2 T AR, X — B AR IE S 1817 11 7 [151. BES R
S = klx,y,z] = @yen, Sa» HH Sy = klx, p, 215 W C1,C, 72 P2(k) BRI S5
2, EAE s PARER T HNCE I, Ic,, R Ic = (f € S|flc, = 0). &
P e C NGy, p & P XA S HIFFIRERHEAE & M 22— S8, &AL 1,M) 2
M, 7£ S, I Krull KE. X C),C, £ P e C RHMZEB i(P;C.C) N

i(P;C,Cy) = 1, (S/(IC1 + 1C2)> .

FATRBRIR AT = .

Rl 2.1 1% k B2— MM, char(k) £ 2, C = Zp(k) 2 k E—F&IETF R =1Xeh
2%, [x0» Yo 2ol & C U=, MIAFEE — P52 @ € GL3, k) 815 Zpp1 =
Zy, B W € k[x, y, z]; B

Wix,y,z] = yzz+a1xyz+a3yzz—x3—azxzz—a4xzz—a623, a, € k(1<i<6). (2.1)
AR
WIix,y,z] =0

9 Weierstrass Pnifif], 405R W(x, y, z] € k[x, y, z]; BIEAA(2.1). HNHE, FATIHR
Zyp(k) TE Uy FEBARHILE H bR 1
¥+ a\xy+azy = x>+ c12x2 + aux + ag (2.2)

JFi 9t Weierstrass PRy, 76 _E N SCE B RER, Bl TAIX 55
R 2.1 Weierstrass PRERIEESZ FXTTFRAE 2 B9 k& 7. BATXE A Z



N TGS AHRIE AT 7T .

A SR AR FRATE Se g U A R MR LAE S RYIERA.
AR BE PX(k) L=k —RE R
F(x,y,2) = ax® + bx?>y + cxy* + dy> + ex’z
+ fxyz+gy’z+ hxz> +iyz> + jz° = 0.
TEAA 7T AR LA
Stepl % C M AZE O = [0,1,0]. BRIFEEFFLH &, € GLQ3,k) 5

@, [x0, or 2ol = [0,1,0]. HHTF i(P,C, Lp(C)) 5 FTIE R A 5 LR R TCK,
FATHIE [0, 1,018 Zp.p-r FIFAA. HILH d = 0. [FINTERE] [0,1,0] 2 —
MEFRA,

For,0=c, Lo, 1,00=0, %L0,1,0=¢g,
0x dy 0z

U ¢ # 0 5 g # 0. IX—#H 7% char(k) # 2.

Step 2 BT HBIL Lo(C) = Hy = ([x, 3,21 € P(W)z = 0). &, (B Lo(C)
W TG R Q. p.2) = cx + gz = 0. ARIELNEILEL, IRFVERE M =
()22 € GLA2, k) TH /2

cmyy + gmy =0.
M= 2 &, € GL(3, k) #15

my 0 mp
o;'={0 1 0

my; 0 my,

BATERI AR ¢ = 0,2 # 0.

Step 3 FEFNFKM (0, Z,F) 23%Hb=0,Z+ F, EF Z € k[x,y,z];, EX
Z(x,y,z) =z Fipllh, H a # 0.
H—5EE 0, € GL(G3, k) 5

D3 = —



L@ =d30D,0®, € GL3, k), NIFH

3
Fod(x,y,2)= g—z(yzz — x3) + (Other Terms).
a

BATIRMIER] T BT 2RSS IL.
O

jfiid Riemann-Roch EFLHYIEN]  TEANAVIERRR EAL 2 0 RS, 6 TG
FRR, 1523 [171°702. HERUX MIEBAN T4 k BORMIEIR A R

Weierstrass TI{LPRUERY  FEIURHIE char k # 2 BYRHE, & & AFRAT

!’

x'=x, ) =y+%(a1 + a3),
(2.2

O = () =) +ax) +bx' +e, (2.3)
Ha,b,c € k, KINIET FIISRAMR £(x) TEER, BITE k BHFIK 4 = o?p* -
adc — b # 0. TESURHE char k # 2,3 BIRHE, AT DUK— -5 B AN it

xX"=x"+2, Y =y
W= (2.3) AT AL
0")? =g(x") = (x") +dx" +e, (24)

Hr d, e € k, I HEF RIIZRERIE k PHFIR 4 = —16(4d> + 276%) # 0.
AT HE K& chark = 3 IAHE LR BOPRERL. 1IN AR o Y T BE H

N3G . BATEELLT NS

Case 1 a# 0. WH AT DA AT, BT BEE ™ u € k EELIREI 2 =x" +u,§ =

vy MEEK

HF 4, ¢ e k, WNAETT RIS R A =240 £0.
Case2 a=0. NI EEEER

O =f(x) =) +bx +e,

HRAES RRIZMAR 4 =267 #0.



BARIGHKEIE char k = 2 NAVIEDL. IERAEIFHK2.2):
y2 +axy+azy= x>+ a2x2 + ayx + ag.

Case 1 a; # 0. ZEAIRA

K]
y%+x1y1 =x?+ax%+b.

FEENARA RARMAZ A= b #0.
Case 2 a; = 0. ZHEPIRT

X|=X—ayy =Y
iNES]
yi+cy =x +ax+b.
EREFIHNAFT RREMZ A= £0.
2.1.4 WHERRZRYBEER
BATE T XHG—12 0 = [0, 1,0] € P?(k) ZHEELZE C c P?(k) FIF5 .

il

WiBlEhek LRNa8 o T RIANRR L ERIZE, FA15E5 ]\ Bézout TEHL
I 2.2 (Bézout): % C,C, BHF% PX(k) LHy#HZE, X THRZ A 2
Cl ﬂC2 = {Pl,"',PS}, m”ﬁ

S

D i(P; C), Cy) = deg(Cy) deg(Cy).
j=l1

JEER:  SETHRIERAIER deg(C,) FUE X FT Bézout TEFRMIERH, 1ES# [151°7°4. O
% C 2k LR —ME ML, (TE P,Q € C. TR P, BHEFMIM A, B L
Bt P,Q MmN ELZ; BUE L 2 P Ak ¢ P14, AU REX — 7
FIRBOL R RV EZR. HH Bézout EH, L 5 CRXTH—m R & L B 0,RHA
ELZ, I L' F1 C %S — NN P+ O, HILAA AR hk B SRaE (o).

FiBlthek ERBEEE R (o) BARTESE MENTEE Pec,ido, P
MEZ%AE C T 0, MEART 0,0 WELR ¢ T P, BB 0 BizE (o) BY
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TR, L, A NERR LR P, 0 FRIERELE 0 &, 1M 0 KX2 C K47
A, TS 0,0 MEZ (B € £ 0 BIYIZ T,H(C)) 22 € TR O, BIHEH Q 2 P %
TIZE (o) R, FIHIERT T T £ M.

N T RUEME R Z o TIX—I2E B — 1 Abel B, FMTAFRIE (o) B LS
B NI, FATFEHIE Cayley-Bacharach 7€ HE.
T 2.3 (Cayley-Bacharach): 1% k 2 — MUK, v, = Z,(k), v, = Z,(k) 2
P2 = IR (155 BhZe, 227E 9 DARRIMIE Ay, -+, Ag € A%(k). Wy = Z,,(k) HZ2—
= IRihEk, T HdEid (A, -, Ag) Y 8 i, M H RIDAE AR F, G 1Y k-£R1E4H
A, BIfETE A u € k2

h(x,y) = Af(x,y) + ugx,y).

Kl y s S BIAR A

IERR:  UERAZE S T [19-20]. 12 A 1= (A}, -, Ay}, IRIZFEIE =IRZ I h(x,y) €
klx, yls 13 y = Z,,(k) € A2(k) 38X A i= (A, -, Ag) (ERRET A £, g 19 k-2%
TS, ERE k22— NCRRE, X ARIE T HATTA N AR & B

Step 1 MERFNKHE 4 ™ A FREEL BN, & L, c PXk) B—FKEZ, A
card(L; N A) > 4. T deg L, deg y, = deg L, degy, = 3, Bézout /& FAl 7R H
L, Cy; Ny, Scard(y; nyy) =9 < oo FJE. [AIFEAILAERRAEE 7 1> A HHY
RIER— 25 IRk k.

Step 2 FATRVEH 5 1> A AT U8k AT DAR & ME— B — 25 ZIREEER. A7k A, =
(x5, ¥), 1 <i <STEZIRML ax® + bxy + cy* +dx+ey+ f =0 b, FILHEL
(WA=l

X2a+x;yb+ye+xd+ye+f=0 (1<i<53).

XM TTFEH BRE R, 762K IR F1E. RIZ 0, Q" BMEKHT
I Ay, -, A Y ZIRHIZ, Bézout EHRHIXM K _kithzk— e 2/ 0 E—
FFs BRNCEMERE 4 D A PRRAEL, FilaHEL ER2a5
3R TR N 2 MRFEEWE T ZIRhE& B —23, FibL o = Q.

Step 3 FATRIEEH A" A 3 L. AR A, Ay, A3 TERI—REE L, b, A4
Ay, -, Ag TIE— 5 IR Q,. 1 L, FIRFIFILAE =N s AR S —1
B, TE A%(k) HIRBIBEASE L, WRTE Q, EIRL C. B4, 2K EE iR — vr il
EAFAENEUERA, FRATAT DB — NS o« = af + bg + ch(a,b,c € k)
1% B,C € Z k). HEEZE A" c Z,(k), card(L, N Z (k)) = 4 >



deg(L,)deg(e)) = 3, ATLA Bézout EHERHEL L, ¢ Z, (k). 1L R =2
Z, (k) TE L, JN5r3Z, MBI card(R N Q,) > card({Ay, -+, Ag)) = 5 >
deg(R)deg(Q,) =4, FTA Z, (k)= L,uQ,,fH C ¢ Z,(k), ¥ J&.
[FIERAT AUERR A7 Hi%H 6 D RTER—& _iRihdk b ARGk A, -, Ag 1
[F—5 ZRA%k Q5 b, A4 A, Ag HAE T — 55 E %k Ly, FHkE| 9y LR T
HLEMRAHT A B, NME Q; F1 Ly F—xL €, EE DA LLMEAHE T IEN
B, B 7 > deg(Z, (k) deg(Q3) = 6 Al Q3 C Z,(k), TH 2 > deg(Z, (k) \
Q3)deg(Ly) = 1 RMH Z, (k) = Q; U Ly, BFIFIE.
Step 4 1CJELE Ay, -+, As B IR Q, 18IS Aq, A; FUEEZN £, FIRTHABIRA
onLnA =g, Ag ¢ QU L. FHIERZRHIZ% LR T4 7€ AT A B, C,
Y& f,g. h A SE o 1§ B,C € Z,(k). E2EE ERRHHBRE
Z,(k)=LUQMH Ag ¢ LUQ, F/E.
O
FATRUEBANGIR Hh £ L RYRELEAS.
FIE 2.4: W C 2Pk LW—&WEEZE, 0 = [0,1,0]. B84, C EAEIZE
(o) NI —"1TEA 0 NEITLER Abel £
IERR:  ARIE LTIt HRATXERFIUER (o) RS A BAlid P+ 0 B
POMELL CHE=ZNE, B PxQ=0P,MHP+Q)*0 =P+0,
(P+Q)*0=Px*Q. EBL P,O,Re C, NIEFA (P+ Q)+ R=P +(Q + R), Fil]
Kt AFFUERR (P + Q) « R= P % (Q + R).
Case | Ff1%EEE O,P,O,R,P+Q,P+Q,0 * R,0 + R EAMERMIEN. ffud DA
TR EZ:

l,: P,O,P+Q, |,:0,0«RQO+R, I3:P+0Q,R(P+0Q)*R,;
I/ :0,RQ*R, 1I,:0,PxQ,P+Q, I,:P,Q+RPx(Q+R.

[FIR, % S 2 15,15 HIRRL B IIRESERTE C N. IE F,, G; € k[x,p,z];(1 <
i <3) 15 1, = Zp (k) C P(k), 1] = Zg (k) C P*(k).

BATEE ¢ WHRE P2(k) AHIIMEIL c. I F = FEF,G =
G\G,G5 € kIx,y,zl3, B Zp(k), Zg(k) f& P2(k) ERIFS =k, i B
O,P,Q,R,PxQ,P+0Q,0+R,0+R,T € Zp(k)n Z (k). FEH| c i2—%
=IREhge, H c BELEIE T 0,P,0,R,P+0,P+0Q,0 % R,Q + R, Cayley-
Bacharach "EFEFRAA ¢ 18IS 5 S, MTTWEHH (P+Q)* R=S = P *(Q + R).
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Case2 #JE0,P,0,R,P+x0Q,P+0,0%R, O+ R EHWEMEFRIVEN. il PO =
OMP+O0=0,ttl1 P+xQO=0+R.NEP+0=(P*0)+«0 =0 =R,
HEP+0Q0)«R=(Q+*R+*R=0=Px(Px0Q)=P=(0+R). HMIFm
2L Lb ST BV AT AN 45 ST SR AR
B B DA I ) Bk Zariski $hFM T AY A6 DA R AR (B iR 2 A T MR
A LUBRISE1e, BIRKIES%E 20524,

H

RERIHE, Bl 15 BRI HHZR IR FIFE A%(k) = Uy € P2(k) LIIERIR. (BORIEURHIE
AR 2, W A%(k) EREEfZR E— NS P = (x,y) € C c A%(k) IR (x, —y). NIE
BEIX A, BATAEETZS P2(k) _HiE 0 5F0 [x, y, 1] S EZEN

{lux, 2+ py, ulllA, p1 € PR}

FERIIXLBELRHIE A2(k) = Uy € P2(k) FiE—%5 y E TIESZ. RILE
chark # 2 BB T, B E& Weierstrass Al {LARER L (2.3), HAH —P=0% P =
(X, _y)

1F char k =2 BIEOL N, BT B LA —R% Weierstrass FiZ N7 155

u(A+ puy)* + alyzx(/l + uy) + a3,u2(/1 +uy) = 23+ a2x2 + ayx + ag).
ARG p # 0 SRFHAE (x, y) BUIE, BRATRAEZ SE 0 =10, 1,0]. id « = % i
FIREREA N
K(k+2y+ax+a3)=0.

FER k=041 1 =0, FISMHERRAR [x, 0,11, FTPAS — MER AN H (A, 4] =
[y + a;x + a3), 1] G, BY (x, y) FEE (x, -y — a;x — a3).

2.2 tHEERZHBRSF

TEENT AR RI £ B B ARSI 7 i, FRATTIR 5 TR R b £ = TRV HY RIS, e Il J2 A
— SRR £ 2 B RIS . SR 75, Bli175 ENEE thZeBR I A% (k) = Uy ©
P2(k) LRIFREL, Fid 0 = [0, 1,0] NMHEIEILFTEC Abel BB ITLE. ALY
A%(k) H, BERBIN— “TEFIE . UYWL O sifyml@, BT8R AT DA i 3k
1178 SIFE A2(k) _ERVIRAELL o BT 77 X B RN ZE] P2 (k) P, SRJEHE(HE X
2o fFE NI E, TXAHES. DUNBH Ck) siff51E C Rontli k =F,
) —FMEREE T A E SRR RELS Y.



2.2.1 WHEMENBRTSHENX
I PR EFIR I E L B8 H— A BB B RS HE X, XM Rt
LZHREULAIES, 1E5% 2117 20 (B ER I, 314 char k # 2,3 HIIE N
e,
EX 2.3 WEEZL ¢ FH—1MHRSZE—MHEERHS HWERS o« -
C(k) - C(k).
BRI, T e DA £
1. 171E R (x, ), Ry(x,y) € k(x, y) #5

a(x’ y) = (Rl(x’ y)’ RZ(x’ y)), a(O) == O

2. WFEE P = (x1, ), P, = (x5, y,) € C(k) #E a(P, + P,) = a(P)) + a(P,).
XE, JATAFEILERER R, R, #HRE NI (x, y), BATRAE T XHEH o 1E
TR s B X

EEME L E—NEEEE R(x, y) € klx, y], RIERQ2.3), 1T »* = f(x),
NFRATTEA] PAS 1
_ P+ p®)y _ 01X+ p(0)Yp3(x) — pa*)y) _ 61 + g (x)y
p3(x) +ps(x)y  (p3(x) + pa(x)¥)(p3(x) — ps(x)y) q3(x)

R(x,y)

HH py, -, py € kIx], gy = pip3 — papaf+ a2 = paps — P1Pas 43 = p3 — pyf - RIEL, F&
I a(x,y) 51E

(@) +@(x)y 01(x) + 0,(x)y
a(x,y) = .

w3 (x) ’ 03(x)
EEE a(x,—y) = (R;(x,=Y), Ry(x,—y)) = —a(x,y) = (R;(x,y), —Ry(x, y)), i/ =]
’(D’z(.x,') = Oa 01(X) = 0, ﬂttia ry,ry (S E(X) 'fﬁ?%“

(2.5)

a(x,y) = (ry(x), r(x)y) = <@ @> ,

.y
q(x) " t(x)
H p g, s,t € kx],q,t #0,(p,q) = 1 = (s,1). HLI, FATEACLEELE g(x) = 0 I
(x,y) EANENX a H:

a(x,y) =0, if g(x) = 0.

FATRUEBAATER #(x) = 0, W g(x) = 0, AT A] URF B IFIZS o 8 S AERE SR H 2%,
FAFRAHINQ.S)F_EIRRNE 4 H I B RSN B RS PR ER.

I3 2.1: & chark #2,3. 4T A(k) FH—ZMEEIEEZ C(k), H Weierstrass
T ARIET N y2 = f(x) = Ct+axl+bx+e Fa: C(%) - C(E) 2 TMNEER, E
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oo (P 560
Y=\ i )

Hep g, 5,1 € klx],q,t#0,(p,q) = (s,1) = 1.
IEBR:  EE a(x,y) € Ck), MG

52 2 p3 + ap2q + bpq2 + cq3

12 ¢
12 u(x) = p(x)® + ap(x)*q(x) + bp(x)q(x)* + cq(x)*, Tl TH

szqsf = ut’.
FER (s,0) =1, LA | @ f. BETEES f(x) TER, FTlA 2| ¢, K 1(x) 7Y
AR q(x) RUAR. O
TE N —DNAEEFRIERI) B[RS

a(x, Y) = (Vl (x),rz(x)y) = (E @)

1) 1(x)
R, dega, 7y

deg a = max{deg p(x),deg q(x)},
AR o B L; RN, 29 7 5 R AL, FAT17E X deg(0) = 0.

I FEPRE X EIXE A, BATHAEY LA BIE S 7AW E dh£k /) B RS
FRAMRIR I E MR BRI XA, R4 PR BAZE T il 25 (1517 1. X T
k FRI—SMRE LR C(k), T H Weierstrass FRIER! f(x, y) = 0 44H, FR 4 C(k)
FI BRI, k(C) =R k[x, y)/(f) B9 T8,

EX 2.4: & C.C' 2k ERFEAMERZ. RIOFR— M C El ' 1k _EryIE
BRS¢ 1 C > C" Z—JE (isogeny), WK ¢(0) = O.

FATEMMER EZ (€, 0,) Bl (Cy, 0,) KA FTRIZEIIE N Hom(Cy, Cy).
ICMAHEEIBEZE (C, 0) EI B C.HIFTA RTREZ AT End(C), EARITTEFIKE
ik ¢ FHEFZE.

FATPRUEEA R RIIRERE EEN T ¢ 22— MREEEREIZ (), 0)), (C,, 0,)
BEEEMMIEE A ERME. EEE ¢ BT T €, C, 19 Picard BERIATBLET ¢, :
Pic%(C)) = Pic’(Cy), MIFE & ¢ EIEES

¢
¢ : C, = Pic%(C)) — Pic%(Cy) = C,,



ERFH A ERE R RS, Bt ¢ 22— DRFFL, PREFIIE HhZ ERYRRESHY.
XU ¢ L — DM €, FIBREUR k(Cy) Bl ¢, FEREDE k(C)) BIHRA, FAITE L
o AR 5KV [K(C)) = k(Cy)).

222 HHBEREE

53 "R &
ENX 2.5: &k 2E—E, chark # 2,3, C &—%% k-WEE %k, « € End(C) 3%
H [RIZShRIERY

a(x,y) = (ri(x), r(x)y) = <

BAI o« B— 0I5 BEE, t0R r’l(x) + 0.

FERFIXDFMAEEFENT p'(x), ¢’ ) PHE—DRERN 0. B, rl(x) = 0 FMT
p'(X)q(x) = px)g' (x). ZUW p' =0,q' =0 BRE r] = 0. RIIK, R} =0, H
p)=1H.plp.qlq, BB p =04 =0.

{2 RBU L =, HEmnE SOz
EX 2.6: —NHLEH (dominant, BIEZH [221°%) SEFRIER 30, IHREIES
I3 5k 2 Rl 8 K.

BATE B RZSHA 2R B RSN ERZZ B R. IHEES, Bl
Fefh H— MR EREINIERA T X, X TR char k # 2, 3.

Al 2.2: %a: Ck) - Ck) 22—k EMEL C — N EZERS. B
A AR HAE o
1. R « BAI9H, B

50
q(x)" " 1(x) )

deg a = card ker a.
2. 4R a BAAI AT, M
deg a > card ker a.
IEER:  EE o KB FSRER

a(x,y) = (r;(x), rp(x)y) = <@ @> :

907 1)
R o BN, 12 © 1= {x € kl(pg’ — p'@)(x)q(x) = 0}. T r(x) # 0, & [Hfi
B MERE. BRITREERENRIRA (u,v) € Cl) KT o MEGH S MK
I ker o FP AR NER. FRATTEKR (u, v) T8 AN M

* (4,v) € a(C(k)).
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o u,v+03FH (u,v) € A%k), Bl (u,v) # O.

*ugo.

¢ deg(p(x) — pg(x)) = deg a = max{deg p(x), deg g(x)}.
FREAFE=AFEEL ERER T AERZ D p NBUE, R, 2Z2HRT
card @ + 2 < oo N pu BUBUHE, HETEZHER T 2card © + 4 D a(C(k)) ERIA. T
k NI, FTPA a(C(k)) B TERRAN A, B SR (u, v) BB FIER. T
BEIE ri(x) = poyrx) =v, HT v #0,y, = rz(‘;q) ] DA x, BIBUESE R
ff7E, I carda™!(u, v) = cardr'(u) = card{x € k|p(x) — uq(x) = 0}. HIZAF 4,
deg(p—uq) = deg a, ATFRNTRATFIUEA p—puq TER. NUHRIZEER, BIFETE X, €
kAT p(xg) — na(xg) = 0, p’ (xo) — g’ (x) = 0. 15E u(p’ (x0)a(xp) — p(xp)q’ (x0)) = O,
Hou# 0K (p'q—pqg')(xp) =0, M x, € S, F/E.

AR a NEAH), BEE LIRBRIER, (BEARZERK p ¢ ©, (HEAIHIE p'qg — pg’ —
TEHER, At dega > cardker a. ]

—AABRIS IR B BB — DR fh 2 AR T R 5
ERIBHE g, @ Ck) —» Ck)(m € Z) WERMA] %, Hep 4 (P) = mP.

T TR O, BT TiX B B RS A AEU UME S X T AR RIS L.
5|3 2.2: & C 2% k _ERIMRRIFhZE, H Weierstrass FR/ERIN

y2 +a;xy+azy= x>+ c12x2 + asx + ag.

BAIE Ao

= dx _ dy .

2y+a;x+ay;  3x2+42a,x+a,—ay

A 1E C EZ—PAEN 0 AR ER, Bl (0) = 0.
R 1ESF 1718 [
2% RR, BN B E PR AL,
23! WLALER HTHER e C, BB 75 : C > CH

7o(P) = P+ Q.

an el

HE 2,
rga) = w.

ERA: HEEE Qc 2 1% k(O)-ZMEZEIR, AR A, TEAE— MK O R hy €



k(E)* #15
raa) = hpo.
T 1 NN, hy # 0. BTDA, Fli 14
(hg) = (1'560) —(w) = 5(60) —(w)=0.

Rt ho 75 C HIENHE, B hy €k .
B2, BT R, B EMS w : C - P K

@(Q) = [hp, 1.

HEREN TR P € C, Vieta EHARRHEELE L P + 0 HIAFRAT TR
N x(Q). () WHBEEINY N, BTl w B— MEREH, RS o A2
o, AT (0,11 ¢ @ 1T hg €k, FTbh o B—MEEBUE, T hg = ho = 1,
KN 7o = idc. ]
AR 220 Pk FH S, BATHE 0 2 C EAERBEREIETR FilE—— 1
TRRERMATR, W 217,

B DEIDX AT AR & E FSIRI I, Bl 109454 H— T
E AL
@RI 2.41 W kB MHIEAN 23 M9, C B—5% k ERMEIIL, o), 00, 05 2
C =AM FRI AR, I @+ = ay. Tl W BRSNS BAR R AThRIER

a;j(x,y) = (r;(x),ys;(x)) (1<j<3),

HA r, s € k(x). BRIRTFEER c1. ¢, fH15
P (x) P (%)
— < =Cy, — = 0.
s1(x) $2(x)
iV
ri(x)
s3(x)

WERR: TR RNXEFRATAT DA B [ £ 7Y Weierstrass (8] LR IEERY

=c; + ¢

y2=x3+ax2+bx+c,

AT TEAE 1E
dx dy
n==—= ——
2y 3x24+2ax+b
Id o (x, ) = (x;, 9,1 <i <3, LEBIR x,, y; # 2 x, y FEHKE. HAZHT Y
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2, BlTAnNE
dx; dx <6x3 N 0x3 a’y1> _dx

Gpe:Es]
0y 0x3dy, _ s
0xy  Oypdx,
TR 7=
dx;
- = c,& i=1,2
dx y
HABATE
dX3 _ aX3 " 6x3 dyl dxl " aX3 " 6x3 dy2 de
dx \dx, 9y dx, /) dx 0x, Oy,dx,) dx
_ Ny i
ny 'y
Y3
= (C] + Cz)—,
y
SXEER T 516 B

#it 2.1 &k B NMHEARN 2,3 B, € & k EI—ZMEBRZ, 4, : Ck) -
Clk)(m € Z), HH y,(P) = mP. B, y,, & C EERAR, IE z,, 1 H FSRE

Ll
Im(X,y) = (x,,(x), ¥8,,(x)),

Hrbt, .8, € k(x). A, B
r,(x) .
3,,(X)
I, x,(x) 7E Fp EHIMGIEIEZE B2 — a0 HRZESS AN p = charFp t m.
IERR: FEE v, (x) =1,(x),8_,(x) = —8,,(x), Ft
r_,(x) B t,(x)’
8_pn(X) 3,,(X)
MITTEATAFRZXN m € N AVIEOIERRGICRIR]. i Bikandl, TEE] y, = my, =
mid, M v (x) = x,8,(x) =1, g

En() = mri(X) = m(m € N)
3,(x) 8 (x) '
HEEE y, T A ¢ (x) RER 0, EHTF 29 — m 20 mod p. .

8 (%)

RS DL E AL BT — AV EERZ ALY, T B A B A T



ZREJLMESHIUERR, BT RIEFTIR, BTG H X N LE e, BARUERRTEEE
S 117]7778,
Rl 2.5: W C,C EMEMERLZL, o & C FH—DAREMD, ¢p : C > C’
2lEE, A2,
(P+yw)o=¢'o+yo.
e, Bt a

Im@® = mo,(m € Z)

FHFERERT A] o PER A, EEERIH A0 B FASHE XA, — D EFELS ¢ ZAH
FHEEMNE ¢*w =0, B 0 2 C _ ERIAZER D).

2.3 BREE LHEHENEGIES
FEIX—E, BAPREEFRR b = F, ERMREIL, Hh g =p" p Z2— 1R
1, n € N. 437€ Diophantine /712
F(X, Vs Z) =0,

Hi F e Flx.y.zl,. d > 1. BRATER P2(k) il & 457 77 R IR R i 2
Cp(k) 1= Zp(k) c PX(k) LRAR. TES PY(F) LHAERARZAD, A
PATEIXEB 73 BEG Fh F AT 1O 0 B 2 4 E W B Hh 2 b 7B B R B HERR DB T

Nk, BATFRZ e & — B2 AE PR AR A B [, Frobenius M
5, BR H TESGRE RIE_ER B RIS

2.3.1 Frobenius BR5Y
EX 2.7: FAWR ¢, : C(k) > C(k) T2
Gy (x,y) = x9,y%), ¢,0)=0

£ —"] Frobenius ML}

mial 2.6: % F, LRIMRIEIHAZE C 1Y Weierstrass FRiERLE
2 — 3 2
Y t+aixy+azy=x" +ax” + aux + ag,

HH a; € F,, Bl 2., Frobenius BT ¢, /2 C _EHIEEN g BIAR] 73 B A
R B0 ¢, B F BB, B2 q EREH T o eF, illal =4, 77
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FEFMER g 75 J5H
O + a;NDOD + a30) = (D + ay(x,)* + ag(x?) + ag,

Fi LA Frobenius BET ¢, 2 M C WUGHEI ¢ LAY, I, BRATAFRIE ¢, fREF C L
FOBESER. BE P, = (xq, y), Py = (x4, 1) € C(k).
Case 1 ¥ x; # x,. H EXITIEATH P+ P, HE—DAERFENKE, 12 Py =
P+ P =(x3,);). Wy=Ax+v 2l P, P, NEZ L,

Vo=

A= .
Xy — X

L 1 € 837, B Vieta FEFER]A]:
X3 = /12+a1/1—a2—x1 — Xy, Yy3=A(x; —x3) =Y.
ERE| y = 9% +v1 BER P = ¢,(P) = (x],y). Py = ¢,(Py) = (x3,¥3) Y
B L', W P) = P + P = (x},y}). K L' #1 C BX3LZ, Vieta 7E LG H
X = (A2 + ay(A9) —a, — x(ll - xg = xg, Vi = A"(x‘l] — xg) — y(ll = yg,
At
¢, (P3) = P} = ¢ ,(P) + d,(Py).

Case 2 fBI% x; = x,. WIR P = —P, MIARSE L XIFIRHIBCE A AATH ¢, (P) =
G (Py). WIS Pp = Py, 1 2(xy,y)) = (x3,¥3), y = Ax + v 5tth C 1E P YY)
2% L, RREREUE A

B 3x% +2ayx) + a4 — ayy,

2y +a;x; +ay
EHE DLW C A L BZHSAR, SRR RIS 1.
% oz C IR ZER T, EER

qg—1
o =9 () = oy,
1 T\2y+a;x+ a3 2y1 +a;x9 + a3

DA o, TS 0
Wit22: IRCEk= F, FR—FMEELZ, g =p"neN, p— & . rsez
AN 0, B2, HEZS rey + x, BRI IR HAE p + 5. FEAIML, ¢, —id B AT 2 H.
IERR: ® w2 C RSy, Hani2. 5%

(rg, + 1) w0 =rgo + so.

PERE ¢, FRAS, LA gl = 0, Bk rg, + 7, BATSES LAY (g, +
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2 @ # 0, XFENT s 20 mod p.
2.3.2 Weil FgxEIE

Wik LS 18 C 2k ER— SR L. A0 Ch) EREREE

(AT R AR EER, & X
C,:={PeCk)nP =0} (neN).
BAHEHATE k = C I, F4H) Weierstrass-go ERI%L

A= L P 1
wen=5+ 3 e ol

wEA,w#0

LT C, sEErZE.
Rl 2.7 W AeC BN EX

=60 Y L g=-10 Y L

weA,w#0 w wEA,w#0 @
AL, HZ T f(x) = 4%° — gox — g5 LAHIHRZE

Y= f(x) =4x —gox — g
B HMERRER. B ¢ C/A - C(C) C P?(0),

@(z) = [go(z; A), ' (25 A), 1].

—NE Lie BEMIMRATIRIAS.
ERR: 2% (1717017 5 2117 0 8k [16]F VL
B, FATE T EIX A am:

O

il 2.8: % C & k FHI—FZME LR, n 2— DNEEEL R chark + n 8035

chark = 0, A2
C,~ZIn® Zin.

B iE5#% 211732,

O

Weil BEXHEBE [T REATIR, TATEE H Weil BEON EBEAIRIR, (EAUERX N E

HLEE S (17)7 1 5 20 1 R 2373,
EHE 25! & CEk LML, n 22— PR 10

U, = {x €k|x"=1}.
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1% chark + n, MIFE—TECN e, : C, xC, — u, WEANER: N TEE
P,P,P,0,,0,0€cC, A:

(a) e,(P,P)=1.

(b) WENE: e, (P, + P,, Q) = e, (P}, Q)e,(Ps, Q),

e (P, 01+ Q) =e,(P,0))e,(P,0)).

(c) BB RN TFIERE e, #E e, (P,Q) =1, P=0.

(d) TR o € Gal(k/k), e, (6 P,cQ) = o(e,(P,Q)).

(e) X T1EE a € End(C), e, (a(P), a(Q)) = e, (P, Q)27
AR 230 FEZIH (2 F () HMHE e, Z2RNFRH, BN TFERE P,OeC, B

e,(P.Q) =e,(Q,P)"".

BT Weil BorfE 3, F15ea H UM Ie. man 2. 8/E, /£ ERIZ T,
C,~7,&7,.
#it 2.3: & T,.T, & C, W—HE N e (T,,T) & u, MNERTT.
IEBR: 2 ¢ i=e,(T.T)) € p,, % ord(C) = d < n, W e, (dT},Ty) = e, (T}, T,)" =
¢l =1. FELE C, FIEE—NILE P =al| + b1y, a,b € Z, A TH

e, (dT,, P) = e,(dT,,aT, + bT) = e, (T}, T))*e, (T}, T,)?* = ¢4 = 1.

£ (c) NI H a1, = 0, T ord(T) = n, BATHIE ord(¢) = n, BIELEL. O
2.3.3 Hasse &

Hasse EHZ T A PR E 2 b A AN R EZN— M1
I 2.6 (Hasse): % C BAMRE .k =F, EA—FMEEEIZ. 1A ARGt

|card C(F)) — (g + D| € 24/4. (2.6)

s BAVeRGEH CF) PRIVZIE. HARREEN Frobenius BLES FHIA AT
x € F, ALY x7 = x. WAL= CF,) LR (x,y) € C(F) M HMNY x,y €,
WAL ¢, (x, y) = (x9, 1) = (x,y), BE C(F,) = ker(¢, —id) € C(F).

A HEIR2. 2018 H A A ¢, — id 2R 0, FHHa2200E cardC(F) =
card ker(gbq —id) = deg(qbq —id).

N7 52BN Hasse & BERYIERA, AR Zdt— DI R HIRIAMGT ¢, — id B,
X BN A Weil BLAT e,

% C Bk ER—FMEREZE, o B C B—DHEFEZ, n € N /& chark 4 n.
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Eilt, C, ~ Z/n @ Zin, BAINTTAI UL T, T, € C, fEN—A%. 125 o 4
C, FHITTRMMEE ¢, &, MHEHBET o REFHEN, FTlL o £ ¢, FHIFRHITEE
{T,,T,} FA]UEE— R
c.
a, =
c d

KFToR, b g, b,e,d € Z/n. B2

x
a(xT) +yl) =a, - [ ] = (ax + by)T| + (cx + dy)T,.

y
Rl 2.9: W C Bk R —FMRERIZ, o 2 C BI—THIFK, n € N2
chark } n, WG dega = deta, mod n.
WERR:  FATNIC e (T, Ty) N ¢. HHHEIL2.30TH] ¢ 2 p, BIAERTT, BT ATRATA
e, (a(T)), a(T)) = e, (aT| + cT5, bT| + dT,)
= en(Tl, Tz)aden(Tz, Tl)bc
— en(TlaTZ)ad_bc — é«detan.
MR e, (a(T)), a(Ty)) = %%, B ord(¢) = n BIHIZE L. O
#it 2.4: BLALMEIEL, & a,p € End(C), A, u € Z, ALE
deg(Aa + up) = 22 dega + u? degf+ Au [deg(a + f) —dega — deg ﬁ] .
IERE: B n € N fii15 chark + n, % a,, B, € M,(ZIn) 73HE a, p £ C, LAEF
FORMERE. ERE] Aa, + pp, = Aa + up 1E C, LAEANZRIERE.
FAI T8 I B B RECR IR — LA . 1% M, N € M,(R), 1 R 2—1
ZHRIR. IE N* 2 N BUHERERERE, BATEE R

Tr(MN*) =det(M + N) — det M — det N.

oM = ["“ "12] N = [y“ “2] BRI

X21 X22 Yor Va2
Tr(M N™) = X113 = X12¥21 = X1 V12 + X201
det(M + N) = (x11 + y1)(Xp2 + ¥22) = (x12 + y12) (%21 + ¥21)-
HEREFRIESS. AT, B1E

det(AM + uN) — A2det M — y? det N = Tr((AM)(uN)*) = Au Tr(M N*)
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= Au[det(M + N) —det M — det N].
¥ a,, 8, 77AIAN M, N BIEZEE. 1X Ui
deg(la + up) = A2 dega + u? degf+ Au [deg(a + f) —dega — deg ﬁ] mod n

MTERRZ A n AL, HIEAI1REEIE. O
B, —VIFr R EARER A TEH CE R TEA, A IRUERA Hasse 2 2.

Hasse EBRHIERH
AR it S E

card C([Fq) = deg(d)q —id).
N EEr, s € z, HIEIR2.4%11E:

deg(r, — x,) = r* deg(¢,) + s> deg(—id) + rs [deg(¢, — id) — deg ¢, — deg(—id)]
= r2q + 52+ rs [deg(qbq —id)— g — 1] .
I @ = deg(¢,—id)—q— 1. KA, JEH s € Z {15 (s, 9) = 1, W deg(rdp,— 1,) > 0
HIE
r 2 r

q(;) +¢(§>+1>o. 2.7)
Rl Ht, JEHL 5o € N E1F (s, q) = 1, WX FERH m € Ny, (s, q) = 1. H so- 3
R, LA (Z|r, s € Z, (s, @) = 1) £ R 2 E R, ATAXQ )RR x e R AR
N2 R, FEEHGIKE

@ - 49 <0,
EINRES

|®| = |card C(F,)) — (¢ + 1)| < 24/4.
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F3E 4G
3.1 EBE&#E=

B p R NRE s B NEBE L q=p', NXEFERREEF, =F, et
Y n BESMEZS R )L EASRATTEHAYRE, F) 55 BPEN F -2 R (3 F-#2) [A)
T Fu. RTANWAMARRM KL, BIRE S [4]7 3, MR EE S %
[24]%2,

RN HIMEE

EX 310 = (-l &b ¢ F5H02—1 F) BOSME TSR, FATIFR ¢ HHRY
— MR MY, n FEAMFRKE BREFY “BBE). AR k£ = k(C) =
dimy; (C) T € 9HES.

BAMELLM R L5 AEESEH: Hamming FEE.

EX 3.2: &xye @M MET, Fl1E X x My Z[AIHY (Hamming) #H 2
dx,y) :=card{i € Z|1 <i<nx; #y;}.
Bl T MRS © B NI A
4(C) = min{d(X,y)|x,y € C,x #y} ifC # {0} .
+00 if C = {0}

E1 e, AR “n, k. d: q] B RAT— MK n, 4EHOY &, HyNEE N d
1Y g-HERIZRIERS. B, AR F, IR R, BATERIE B “(n, k, d] 657, AT
HEE R g8 R BT RS 1 “(n, k] 18

BATE L= [n, k, d; q] B C FHI—DIEF x = (x;, Xy, -+, x,,) FEHEH

wx) :=card{i € Z|1 £i<n,x; #0} =d(x,0).
R — M E R 2 gmiSERIe A R E A B R BATFR
min{w((x)|x € C,x # 0}
BN ¢ /MR, M, SMEBR/NEERIVERNR/NER. B
i, RS ¢ c F) BRTRZERA, FrFE x,y € € 15 dix,y) = d, FFE
z € C #15% w(z) = min{wx)|x € C,x # 0}. MIFEF| w(z) =dz,0)>d. XHT C
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MM FEE, x -y e C, ME/NERE d =d(x,y) =dx - y,0) > wz), BNERA
2

FEREDH T [0, &, d] SRS S, Bl 152 T URBA TR A a — 1
MR, AR ERRME RS T | S| a0, Bl AR T B4
S5 RIS, R, TR 2R AT RERK— DDA NI RS 0. SATT, S50
SUETEIIZTEE R, T E R ATHEHIANG K n, 5 KEAER AR k. X2
TSR A f5e/ N B A T, RS IELE HITE R T RIS RERY BRI, PREIRAFAY
i .

ERVERSIMIE  FRATIE S KB MR ZI I — DR ME, B B 77 2 AR
RERE.
EX 3.3: HE—N [nk.d;ql 15 C, TMFR—NHEFE G € My, (F) /2 C BIERR
FERE, IR G WATRIEMK ¢ BI—4HE.

bR T AERCERE Z A6, FATH AT DAE ¢ U1ERANEFERY ML E 2 BISRIF 5. NI,
AR RS RIS,
EX 3.4 HE—N(nk.d;q) 15 C, TR

n
i=1

¢ BONABRS. FATFREE ¢ FIRHERS YA BERE VRS ¢ FIRSERERE, 1C1F H.
TR, — [, k] FEHS D Z— [n,n — k) 65, RIE— [n, k] B RURREGHE
B H € M, _1yx,(F). TIRGBBHEIEHRRESE, AR —MEFIEE—MTHE,
Rt v e C EMEKHLZ vHT = 0.
FATRI M g M6 RN B/ NEE B 2 A R R
el 3.1 BE— [nk,d;q) B8 ¢ REREIEME H. ¥ H (¥ XIN H =
(U1, -+, 0,), IEs)

d = min {1 eZ|l <1< Vi, i)} C{1,2,-,n} (a,.l, LU é%'l%ﬁéé) } :
(3.1)
Bl H BIER d — 1 DIIREHR F LMok, MEGFE H 8B d DHIRE F-SEH
x.
IR RI& H BAAETE | DSMEER. REEE W, AP o), -, 01 <
I < n) SRR, IBAAFEAREN 0B ky, -, k) € F, 15 kyoy + - + kyoy = 0, Bl
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kvl + -+ ko] =0, H

(kla o ’kla 09 o ’O)HT = (kl’ o 9k]90’ o 90) UT = 0-

n

XBERH (ky, -+, K}, 0, -, 0) B—NMEF. BIR, AT ZE &y, -, k, H28 0 BYFR
BB NS T [l S Y ERPEAE M, B AR ko, -,k AN 0. A, FAT]
A (ky, . k;,0,-,00e CHENIL B >d, RHS(3.1) > d.

FIEE, BIRE —PNEN d BIIBT ¢ = ()1 € C B ¢, cp, # 0, MR
HI4E S H1IE

T T _
¢ U+t = 0,

BITELE d D H A M ELMREE, d > RAS (3.1). n

3.2 ETHEMRELELZIZITHZIET

FERARR K = F, LRGNNSR AYK) LRTE ¢ MRERINES 7, )F
KHAL—EIFR SN T = {Jy, -, Jp). FIE AYK) LG ESIERES
I, Bl card I = ¢* + ¢, HRHHMIB—EWIFRHEN T = {1}, 1,,}. TLTE
MH F, ERITEZH S HISREERE (incidence matrix)$, € M2 2 (Fr)

N {1 itJ, e,
9,0, )) = :
0 ifJ, &1
106, B, (ENRKEEREA LR,

[7] FELHRA ST T IXRAERE R MR, EFRIN, FANERRIETRAEN 2 FE RS
Fos(s € N) I HIRSAIES T — RS Reed-Solomon AEF4 & RN B A B EHS
(RS-LDPC) 22 4THY [13]. T [14] L5 H T —™MERERANAR RS-LDPC RYFZSFE
BERRAV A BRABIARE, I B HRRR T X, S8 XM Mm R, BAIMRR— M an
B RV p (9,) RFTIEME §, (50 F, _EREREHRE.

SE32: s e NBENELE KR 5,0 BHAR B, WHHEE A% ()

28



FRIRMBEZRE T U ETTREGHHT M2, )« (F) FFRIFERE, NIERIFE
p(Hs) =3

— DD PR AR AN .
HIC 3.1 W s B—NEBEL 1D Ry BERIEF, A FE A? (R ) TEBRIE
WA (Fy) BEZIEHE R R ELR G, 17 LR FINTE AR SRR AERE. T2
Ry & Hy KT EHIRE

p(Rys) =3 -1 3.2)
PR 12 [14]. O
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£ 485 ETHREEMEELZIZITHIRD

TEAT R, FA TR 28 HFRAIBIRO LR B TR R Z A S RS R R, 7 it
P8 FE MR TE — MRS AT s e RO PE . BRI B A 255 (12]. W p & —
PRI seN, I8 g = p*. BT, TANBAERE K = F, I—DHEIREL

4.1 REEMIE

RIET2.1.3F e, Tl T N =RIE 0 THE.
Case 1 char K > 3. IWHIHARIFHZRT Weierstrass FrifEE
C: y2=x3+ax+b,
— PN P =(x,y) € CHYE —P = (x,—y). BIE [Fq2 EHEMLR P =
(xl’ y]) ~Q = (xz’ yz) ﬁﬂ% X1 =X, Y1 = ) 52 Y1 = —». -\LEA [qu Eiz/l\%ﬁl\
FATFTHENMEPEE N N, FEEINTEE P e [qu, mE Ppec,P~0,
20 e FRUNTEE e N, HINFR p e C, NRFE P e p #1F
PecC.
EEZI M E L ¢ BT 7RI A E
A= —16(4a> +27b%) 0. 4.1)
IEMcC [qu BEE W EZMEG DS ERT (a,b), BTHEZ%L a, b FERIHHZE
V= x>+ ax + b &2 —FMFERIZ.
FEE M,N BEERE, I M = card M, N = card N, FB-AT 199 511 4
SEM = {ag, -, apy }, N = (B, B}, HF o;(1 <i < M) RIE—H
G DBIZEN (a,b). ICHZSEOY o, GHRITREEZN C,. WE 5 HE
B H, = (H, G, )D)<ismi<j<n € Mprsn(F) N
1 ifp, ecC,
H,(i, j) = { T
0 ifp ¢C
FH A R R B S — DS, BATEIX MM N ¢,
Case 2 char K = 3. [lLISHG[R HHZ Y Weierstrass brAERI A AT

C : ¥ =x>+ax+b, G ¥ =x> +ax* +b.

30



Case 3

BT RIESRL, — N P = (x,y) € C NIFHENZE —P = (x, —y). BATIXH
RS —FhRIER, Bl
C: y2=x3+ax+b.

HE FiRe, XN AFEEMEHZ C IFEFREFHRRG. DN

A=2a%#0. (4.2)
MR, K02 M c F} ZATETRR S M@ DRSE (0, b), HARE RSRE
FMERHRIES char K > 3 BTAYTHE S22 —2
char K = 2. LIS IR HHZE Y Weierstrass ARG R A

C y2+xy=x3+ax+b, G y2+cy=x3+ax+b.
BT Z BN 28RV S — Fbr 2, R
C: y2+xy=x3+ax+b.
XINHEE 2 ¢ Ear RRIEA 2
A=b#0. 4.3)

— MR P =(x,y) € CHIFAN —P = (x,x + y). FTDAMRIEIX PS5 AE R
EHTE SHSRH) M, N, IR EIRFRARAE B e b 1. (BN, BATER
F R AL (0,0) ANEFRATEEAYIX — NG B th 2 E R — 55 b B, 3411
2 (0,0) AT S 200 7E Y — 411,

RGO K = F, PRI 677 R RO RIR AR H,, B H, & 2
FERDH C,.

4.2

BRIGEERE H, B9SHF

AT ISR R R Y — 2P, ANRGT, Bl (girth) FIEEESE.

421 RILMEFFAR~T

AN SRR H,, BIATERIS14L.

BERERR R TE BAMIIETZHE char K BIARTE IR

Case 1

char K > 3. I FRAT PRI E T 2

Aa, b) = —16(4a> + 27b%) = 0
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IS (a, b) FIDEL
MR a=0,MA=0FKHb=0.
AR a #0, M A=03KAA
3 2
i)
B -2 BRI BEST 5, 0 F, - F, EXH ) = X EEE]
Fr 2 —MEAEE, M H cardFf = g— 1 =p° — 1 2L & ¢ eF; BF W&

p-1

S_1 2
ROt M 1=¢r~" = <CPT> NN

# 1. Pt LA, cardker y, = 2. X 1B

S
-1
cardIm y, = %card[ﬁ;“ =7 5

TN TE a# 0 H -5 2D ZRFERIVEDL, 405 2 M2 A b
1§ A(a,b) = 0, FTAEH

r-1_,
2

MNZEY (a, b) (£15 A(a, b) = 0, N
M =cardM =¢*—q=q(qg—1)=p*(p’ - D).

Case2 charK =2 8{ charK = 3. (FEFIFIEREK a # 0, 5FEREK b # 0, FTLA
HARE

14+2x%

M =cardM =q(g—-1)=p°(p° - 1)

Xt (a, b) FFEEK.
BATHIIERA TRIRIER: H, BFITE—EZ q9(¢ - ).

BERFE BRI BIEL
Case 1 charK > 3. FEFINZENRXAZEZH (x,y) ~ (x, —y) BHEH, FHt—1NF
ML ae MHPHGZ—PILRGHMNE y = 0, MIXFERVFENMRELAE ¢ D, H
REMEANG NS 2 DA, BB TE

*—q ql@+) _ p@+1)
2 2 2
Case 2 char K = 2. FADEBBIMGREIBHLL BN E N EM L RE (x,9) ~ (x,x + y), AT

U—PENL a e M ARG -DILRYHMNE x = 0. EE DL EWBHIE

N =card N =q+
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& (0,0) FrfESF TS BAERR, FATRISE]

2_ —
L4 q_@+2)@g-1

_ (ns—1 s _
. > =2+ DR - D).

N =card N =(¢g—-1)

4.2.2 KRIGEFEREK

FAga B (girth) F7E X, it BATFEHES Tanner BIRIRES, BIANAIS
2% [25].
EX 41 WCRE—NEME, He M, (F) /& C KRR, —3kIom 5
(bipartite graph)G Ry E C XA HY Tanner B, 215R G HYLBIEFERE (adjacency
matrix) & C IR HEFE H.

N TR, FA1ZE— D BAEREF. X2 — “DrEZEHF(toy example).
Bl a1 ZEHEME H e Myu(F)

[1 11 0]

H = .

01 11

& C 2H H 1E R FEME B0, &% B /) Tanner B0 E4. 177,

v, U, U3 U,

u U

4.1 ZRVERS ¢ XM Y Tanner

ET Tanner B, TATE X —MEERE K.

EX 4.2 HE—DIEME H, DU NV Tanner B G, FATHR G i FERIERES Y
KENERE H FEHK.

FREX—HESAHEIe R EA N —MEREHK A E X, BNX 5K B iR IR
KRS [26]° 22
Bl4a.2: EHI4.1, FATRD A E S EHRER H FVEK. BEZIE41HP A —5%
RBE: vy —uy — vy —uy — vy, FTEA C BB 4.

ERE K " H BN KESZEEE. 12 6 = (V,E) 2— K &7 A,
WABCVEBRYV =AuBMABFRUNRAEE - NMNET ATA—TET B.
2, WMR 6 1 vy —vy —v3 = — v, = vy B DI, AGTE v, € A, L BARE
Vst € A, vy € B, 1 <k < 2.k € Z REBIML B vy =0 € AT R—ATEL,
AT o AR, EifE—Hh, Ff1E T HEIX D,
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ol 4.1 —iKERE—5K =80 E Y BICY BT RS K R L

JEER:  1ESF [26]'718. O
T FRATT B XS 06 [ il e 18 A RS AR 6 KB R 4 73 T

Rl 4.2 & H, ZH41TALEET F, EAEBTZAIER My, v () THIFE

B, M eV AR R E MR ¢, VB K T35 T 6.

AR —PNEENNEEH H, B XK 82 E G, FNPNTIRAIZEZH —5&

WAE, Fitt H, BEKAT 2, midadd. REFEKE I EDZ 4, BT TAERA

G, TIREKEN 4 (A, EEZIEKZE 4 B9 N BREIER H, FE

[1 1] TR, TRl TR AR H, PR R0 T K, AR EI AR R 5 4

% By € N RETREIRIIN 26 W SR IR REIEL 2% |-
Tiff i GG [ D £ AT IR B 2 X R 1 AL
Case 1 char K > 3. N FATE [EAINGE th2 R AUPRIERL 2
v =x>+ax+b.
IR b, RINFEIAE Py, P, BUMGIEI 2 /2 77 7%
ax;+b= y% - x?
ax, +b= y% - x%
BISRE x, # x,, BRMEFTRRALHE A SRR IS0 (a,b) T T —
AN
™.
U5 x, = xy, TEREEIRRAH] 12 = )2, (It y, = y, 5 y; = =y, B P, = P,
80 Py = =Py, 1IXH1 B; # p, FJ&.
Case 2 char K = 2. HINFRATE BRI E 2SR AR IER 2
¥V +xy=x>+ax+b.
ik, IR L% Py, Py HOMRIEI it i 7772
ax, +b=y%+x1y1 +x?
ax2+b=y%+x2y2+xg
WIS x, + xy. WRAPFIBHH (a,b) VEEH—
QISR x) = xp, TR (1 +0)(x1+y+32) = 0,155y = y, By, = x4y,
EEPI =P2E‘ZP1 =—P2.
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MAIE L NERRAIELS B, g, FIREHhZ 22 LA —1. ]
423 RIIEFENZE
X RIS AEFE H, B TEMISIE.

BERMEREIITR VERTETAREDVE F, BRIIER A%K) LR L7 &%
2RI ML Hasse EHIRH F, LEEMEEIZ C(F) c P2K) FF S B Y
A card C(F,) T RA 52,6, BB R AR VLIRSS S 1260, 13
€ =l € Mlcarda = 11.C, = M\ €. 12 w, (3 i)(1 <1 < M) HESFEIE H,
51 ATITER, GIYFEBEL, TRl HIEHE w,(H s a,, b, EAl (a, b) SEXTRY H,
% 1 (TOSHOT. Tl DU F A

430 KRR 1| <1< M(H,) BOLH

20 =)= p2 Sw(HiD) <5(0°+2)+p2  ifg=p'p#2
2s—1_2;

Sw(Hy;i) <27 422 if g = 2°
WERR:  FAM B R AT
Case 1 charK > 3. FRFIHN P=-PFENT y=0,MHTE Y =x> +ax+ b A H
0<cardC; < 3.
i}
q— 2\/5 <cardCy +2cardC, < ¢ +2\/E.

EREINFATFERE 0 =10, 1,0]. BEZETE

q—1 q+2

— - q<cardC; +cardC, < T+ \/E

Case2 charK =2. FEF NN P=-PFENM T x=0, MR > +xy=x"+ax+b
GGt y* = b # 0. TEREIWE 1, 0 B - B HA pp() = X% H card ) =
qg—1=2"—1,Fillker y, ZFLHY, [ Im y, = F;, ATA

cardC; = 1.
1]

q—2\/5< cardC; +2card G, < q+2\/5.
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i RVAE(ES]
g —4/q < card C| +card G, < % + \/a

Ol
Wit 41 FEEREK =F, Ri% g > 12, W] K _EREFEMREZEAHRE DS
2 MARREIIFMN R,
XARERANERE S — (/g > 2R ¢ > 7+2V6 ~ 11.90, T £ - /g > 2
IR g > 23 + V/5) ~ 10.47.

BEFERIMIE X —/ NI FRZERAE ¢ > 12 S PR, X — K2R
WEARFRIZERT (a, b) —ERELA HNEIIMRRIEHZE. AUFH, B2 (a,b) # (@', b)) H
(a,b),(a',b) € M, FEZ| C(a,b) 1 Ca', b)) HRHNEDEE 2 DNEM, HIX 2
MNEM AR RERINESTE 2 A AERUMEIE fhZE L, &N 5 ERKTET 6 &M
7 J&, B R EAT 148 AN [R] AR [l Fh 2k,

FERRENY & RIE X B0 2 A ERIAIE HhZef9 DL 12 w (H,: )1 < j < N)
ISR H, 55 j ISR, BV RE R EEE L, FATHICE w,.(H,; P) BL
w,(H; a;). BAWHZIRIEOL M. 1 Py = (x0.¥) € g € N.

Case 1 charK > 3. 413R Py € C(a, b), NH
b= y(z) - xg — ax. 4.4)
TERIEIEA B2 A1 g A (a.b) 2R @A), BNEILATERA SR T2
BN, FEREIFFRMZE
A=4a® +27b* = 0.
54480 H
4a° + 27X(2)612 + 54x0(x(3) - y(z))a + 27(x8 — y(z))2 =0.
ERERIFERZE 3 ME, BIERZHE 3 X (a,b) AHE T =IREHZE, AT A
q-3=p'-3<w(H;P)<q=p’
Case 2 char K = 3. [A|HILH [Fq2 H g Xt (a, b) B (4.4), BILEN & F&MH02

A=2a=0.
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HitEHRE 1 NataER, e
w.(Hy;P)=qg—1=p" -1

Case 3 char K = 2. [ltl Py € C(a, b) it

b=y + xo¥o + X + axq. (4.5)
BRI g XN (4.5). BAEFREAZ
A=b#0. (4.6)

AR x, # 0, (4.6)% H

yé + XoYo + xg
xo ’
T UHERR 1 0. BAIR xp = 0, b = y5 # 0, 1T (0,00 CEWHERR, FrLART
ERFERESNSER (a, b) HHARE. BIE

g—1=2"-1 ifxg#0
wo(H ; %0, ) = . 4.7)
qg=2° ifxyg=0

4.3 XTLM c, —EREITEMBEE
PAEFRATIRRR T — 2 X TR FERE H, TN — LR MR, ST
PRI — L1 S 25 RANSE AR
431 H,B#
% p B— MR, FIEEF, NIEN MERRIER H,. 1 p = 2 I, AE5
FHIRMZE b £ 0, EH 2 MSHNFEFRM: 0 = 0. D), 0, = (1, 1), M = {a, o, }.

M ZRFRIE AL (0,0) BEIL RHA 2 DMEMIE: g = (0, D), 5, = {(1,0, A, D} N =
(B, By} 2, BAVRRIRIRERFERE Hy N

L[
71 ol”
VEREE Hy 5 Moo (F,) b0 NHRRAEHE, B p(H,) =

1E p =3 I, 42 10THEHT Hy € M (Fy). Etﬁﬂlf’—? MR a+0,F
ERIEM SRR (x, ) ~ (x,—y). FATE

M ={(1,0),(1,1),(1,2),(2,0),(2, 1),(2,2)},
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N FIEEIRF 2
i =(0,0), 4, = (0, 1), B3 = (1,0, f; = (1, 1), fs = (2,0), fg = (2, 1.
RATHIAH H,y K

10000 1]
011000
0007110
H, = .
101010
010101
00000 0]

HHEBE] p(H;) = 4 < 6.

RANGH THRERE p < 59 WM H, FIRSIHRIFE p(H,) BIHESER. Fl]
MARIIER p = 3 —DRBILASE, B4 F, BHRIE S R RIERE H, #72
FITREEY. HERFIE B4,

FATH AR HAE AR
B4 &’ p B IDART 3R WH F, LHE 74148 HRIRKER H, 2
— M v () ERIFITHRFEAERE, B

{2 ifp=2
p(Hp) = | ‘ .
spp+1) ifp=5

MITFATHIERR p = 3 BIEDIN, H, REEE X — P FLATLRIER,

PANERRNXME B RN EE—ERAREU AR . BT DU R
AX(F,) T q* DRAPETIRER V9 (BB BT FH PX(F)) , S (a;,b) S
WEIRIHHZR C(a;, b,) 46 7E TR AT IEHE 77 AEILER E9(a,, by), XNTSATE T —
KE G = (V9, E%a; b)) G 2 VI KEFE EITAERIEERRES, FA1E XM
KB G, = (V, E)), Gy = (V,, E;) € 6 BIIEN

G|+ Gy = (V1 UV, E|AEy),

H AAB RN DMES A, B HINHRZE, Bl AAB =(A\ B)U (B \ A). TEEZIX
TEE—KE G € 6,26 := G+ G 2—K=ZE, icfF 0. HtEFHWMEME
® BN F, ERIZMEZSIAL R, FIDOLAIREUE A 1SR AR F, &
IRt Z e RN (G} ciamrar,) TE © AR ME = RIATAERL. AT b
WL AEAS B I A (et 23[R 1975 SN 52 B BRI _E FIMG IR e aim 7. X F
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R 4.1 B H, KR

= p 1THMm(H,) FIEN(H,) *kp(H,)

2 2 2 2
3 6 6 4

5 20 15 15

7 42 28 28
11 110 66 66
13 156 91 91
17 272 153 153
19 342 190 190
23 506 276 276
29 812 435 435
3] 930 496 496
37 1332 703 703
41 1640 861 861
43 1806 946 946
47 2162 1128 1128
53 2756 1431 1431
59 3422 1770 1770

MR R A E, WS 5% 26 19,
432 C, HIDH
BB EREI S 2 B AR B LA (R H, RO XA

11.?@

LR Cos HIZIAT, H s e N BRITELIREE s = 1 BIIEH: H, = L .

K1 E— AR L.
H,, M4ER AT E LU ERRI BRI BT L.
FE s =2 FER. EER x* +x + 1 2 R[x] FH— 2 R L2 I,

BB F[x)/(x +x+ 1) B— D F BV ikRE0 2 19, B2 — 1S 4 NT
M —FEIE, 12 o 2 F, ERTT, W F, = {0, 1, a, o). HRIETI4.17RH0H
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BHEAZEE

~

H, = s 0 ZF .
E I 0
E E" 0
Hrh
010 1 01 0 01
Z=|0 0 1 =110 E"=[1 0 0
1 00 011 010
RS
p(Hy) = 8.

RA2GH THRTE R < 5 < 8 WHERE Hy BIRSTRIRK p(H,s) BITHRSS
R BN LGN Fye EARE dh 2 E AR FERE H,s #ST 2
p(Hy) =3 -1
RSB TB2HES
42 WERFEME H, HIFK

ERH s AT8M (Hy) YN (Hy) #p(H,)

1 2 2 2
2 12 9 8
3 56 35 26
4 240 135 80
5 992 527 242
6 4032 2079 728
7 16256 8255 2186
BATT It AR A8

B8 4.2: ®s e N2 DERY NH F, LHET4 A HNRRER 1, €
My N (F) B
p(Hy)=3"-1.
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BAERR], X—4RMRG2)PA HIEE R T 28 BERNFEELH
T2, FATE T3 2R HTUER 75 2T ASREFEE 2 MG IR h 208 SRS RY AT FRoR. L
GUTE s = 3HUTEIL T, Hy AR DARIL Hy —FREAL A BB IARER). AR EXR
THHTHYIERA K.

Cys ME/DEEE  THEIBANTRINICLIER ¢, BIR/NEEE. FATEHRIRIXFE—
.
Rl 4.4; W C B HRRMEM H AHNEERE, 1R H PEKATET 6,
M| ¢ B/ NEE BTG 2
diC) 2y +1,
Hry ) H Bf/NIE.
AR 1ESF [27) 3 [41%. O
B H, WERKZEDZ 6 B, ERBITERIERN 2 BIER s (BT, K@%
HUEE y = 25 — 1, BATH AT ARIE ¢, WE/NEE 22 25, Bl
d (Cys) > 2%,
FAZEH THTIEER 1 < s < 4 NI ¢ NBBF K, 450 &/ NE
B, HAHE (bt FHRENEREZ2RMEEMB - REEEEIWEGE, BARX
43 &M C, WITESER

EE s ¢ WETRE C, W4 ¢, RIS/NER

1 2 0 +00

2 9 1 9

3 35 9 10

4 135 55 18(f&1t)

BRARHTHRER, BRNTAAX—BIE AR SR EE. FAIEB.3 A

HEEHN ¢ B/NEBEWITERERF. R44546H TN ¢ WTEREN S HE

M ERRIX—EREESHERET 375 SENFREY, IXBE RN 1 FRBFE cg .
BRT s = 1,2 XEHH TR IE R, BATFERE ¢, IER/NEEN Y2

2% +2. FATTH LR U AR:

B/ 43 s > 32— DIERE Wl R EHT4IGHIRKEEE H,), €
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Faa LRIERD C RS ERI SR

WEL AW,
0 1
10 24
12 12
13 30
14 54
15 24
16 27
17 84
18 84
19 27
20 24
21 54
22 30
23 12
25 24
35 1

M v (Fy) TE RIS C,s IR/ NEE B2

d(Cp)=2"+2.
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FB5E 45

BAIFE 7 B TH BR- 1 A B LA AR Hh Zoipe e I Le i, £ I LAl
b, BATDEEBEHFR LY 7R TH1E F,, Fys BIEH S HHE dh Lok e FIZ DRy
AR R/ NEEEFREE, XERES H T IX S BRI, 1A TIX K
LN T A ERIC B SE R X, R MRS H B LR R E RS T RE B 45
S EAVRHE. AN, FATRINICE B 7 I8 0 R AE A ERFIER By EARFEHE
LRI R TE HIS MR A 4E 25 RS
b5 AP 32 A E Y PR A LA
1. HTARE_ERTHEENE T, TATHF—MARFE N YA IR LA AL RO
FOBE| THCRRIRERS, B RIS —RIBE TRIZEIE.
2. ZUHEREI AR, FADA S/ NEER B T AN AT REEAT 95 RIE R, Ml F kT
SRS HIEEE VAR, M AR 7 2RI ARAE
3. KRR AE PR YRR A UE B JC I A A B IR T BTG AR M B B e ) T ik
ERIARE LATEIAE S UERR 77 20 (40 [101). T ELAES T 8 th Zae s i 52
T8 T ARHI R
BABE—F R LAEXRIZES S [10], M ERAR AR LANE S RIEAME K

=3
BAH.
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A.1 Elliptic Curves

Studies on elliptic curves have taken the cardinal part of number theory for centuries,
and this subject gave birth to lots of advanced topics, including Sato-Tate Conjecture and
Birch and Swinnerton-Dyer Conjecture, etc. There are two traditional ways leading to
the study of elliptic curves, one from algebra, the other from analysis.

From the viewpoint of algebra, we focus on the solutions to the so-called Diophan-
tine equations, i.e., the zero locus of integer-coefficient polynomials in Z or Q. The
simplest case with merely one variable can be solved rather easily by the Rational Root
Theorem. There are more interesting phenomenon occurring for the two-variable case.
The linear case is trivial, while the conic case can be solved using projection. However,
we need more sophisticated designs on non-singular cubic curves, which are so-called
elliptic curves.

Mathematical analysts, however, developed interests in this topic from the study of

such an integral,

X

z= J ! , (A.1)
) V=21 - k22)

where 0 < k < 1. This comes from the circumference of an ellipse and the study of

vibration. Euler first noticed that even though we could not obtain an explicit formula,
some connections between different upper limits in the integral could be constructed as

o p Y

J dt +J dt J dt
VIO SVATONR VA0
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where (1) = \/(1 — 2)(1 — k212),y = g(a, B) for some rational polynomial g(x, y) [1].

Jacobi firstly introduced the addition law on elliptic curves [2]. Meanwhile, Abel
generalized the elliptic integral to complex numbers. He also proposed the viewpoint
of regarding x as the implicit function of z [3], which prepared a most useful weapon,
the invariant differential. Furthermore, Weierstrass constructed the widely-famous ¢o-
function for a lattice A C C as

1 1
§(z) = Z l(z—a))z_;'

weA,w#0

He also proved that all the elliptic functions could be written as the rational function of
(z) and g’ (2) [4].

Some significant results on elliptic curves are listed here. Poincaré finally explicitly
introduced the group structure of elliptic curves and made a conjecture on the finite-
generated property of rational points on elliptic curves [5]. Mordell proved this conjec-
ture through height function and infinite descent theorem [6], while Weil extended the
result to elliptic curves over number fields [7]. Nagell [8] and Lutz [9] proved that all
the rational torsion points are actually of integer coordinates, and gave a tight bound on
their coordinates.

Another breakthrough happened in the studies of elliptic curves over finite fields.

E. Artin conjectured in his thesis that

|#c (E) _(q+ 1)‘ <2/,

where C (Eq> denotes an elliptic curve over the finite field R [10]. This gives a rather
tight upper bound of estimation. Hasse proved it [11], and a further generalization to
general algebraic curves was due to Weil [12] as follows.

Theorem A.1 (Hasse-Weil): Let C be a non-singular irreducible curve of genus g
defined over the finite field F;. Then the number of points on C with coordinates in [, is

q + 1 + €, where € satisfies that

lel < 2g+/4.

Furthermore, Weil proposed a series of conjectures in [13] about the Hasse-Weil
zeta functions on general varieties, which was motivated by the studies on elliptic curves.
They were partially proved by Dwork [14] and finished by Deligne [15].

An exciting application of elliptic curves is to prove Fermat’s Last Theorem, which
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states as follows.

Theorem A.2: Letn > 3 be an integer, and then the equation
x"+y'=z
has no integer solution.
Frey [16], Serre [17], and Ribet [18] showed the elaborate links between Fermat’s
Last Theorem and Taniyama-Shimura Conjecture, while Wiles proved the latter [19].

We thank [20-21] for providing us with hints for arranging such an chronological

order of this history and clues for references.

A.2 Elliptic Curves in Coding Theory

A large number of present scientific literature makes advantage of algebraic geom-
etry to construct new codes or determine the weight distributions, especially the theory
of families of algebraic curves over a finite field [22]. We, here, take several codes for
instance. Goppa codes are constructed from a fixed algebraic curve, and we can deter-
mine the weight distributions and frequency of Melas codes and Zetterberg cords using
elliptic curves [23-26].

A more in-depth relationship between coding theory and elliptic curves is shown

via Reed-Muller codes. Consider the space

Re.m) = { (F@)yerp 1S € BlXy, o+, X, ] deg f <7 ).

Let ¢ = 2™ for some m > 3 as an integer and consider the space

h
i m
Ry={R=Y ax”|q €F, <h<[§]>.

i=0

Note that

C, = {(Tr[xR(x)])xe[Fq IRe Rh}

is a sub-code of R(2,m). Let M(R) be the number of rational points on the affine curve

v +y=xR(x)forR e R}, and it is obvious that

w (TR, ) = 4= 3R(R),
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which leading us to study the family of curves
Cr: Y +y=xR(x), RER,.
The automorphism group of algebraic curves helps solve this problem. Let

Wy i={x € F,| Tr[xR(y) + yR(x)] =0 Vy€ F,},
Vg 1= {x € Wg| Tr[xR(x)] =0} .

We hence have the criterion as follows.

Proposition A.1: Follow the above notations, and it holds that
q+ 1 if VR = WR’

card C R([Fq) =
q+1i\/2wq ifVR:WR,
where w = dimg, Wr.
Moreover, we know that in case & = 1, these curves Cg are super-singular curves
over [Fq. See [27] for references.
More amazingly, it turns out coding theory can also help algebraic geometry to find
many maximal and minimal curves, which denotes the curves touching the Hasse-Weil

upper and lower bounds, respectively. Note that the formulas of numbers
nt, :=card {R € Rylay = 0,a, # 0,dim(Wy) = w}

can be explicitly shown by results on sub-codes of binary Reed-Muller codes R(2, m).

Relations between these numbers are given as

Z(Zw it 29— 1%q"?% ifh=2 |
w qg-—1 ifh=1

More detailed analysis and further generalization for finite fields of general characteris-

tics can be found in [27-28].

A novel method of constructing low density parity-check codes (LDPCs) was given
in [29]. He selected some particular families of elliptic curves on finite planes of different
characteristics. In addition to this, using the inverse of elliptic curves, he partitioned the
whole finite plane and then obtained the incidence matrix. This matrix, regarded as the
parity-check matrix, hence gives a kind of linear code. Actually, such method is rather

omnipresent to construct linear codes via families of lines on finite planes. A series of

papers [30-34] studied such construction of projective planes and flat planes of arbitrary
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dimension over finite fields, while affine-plane cases were shown in [34-35].
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MR B HEER
B TERWIER H, WK p(H,) MIZR

BATX LA IR BRI H, BIRK p(H,) R, IX—F2 P i
FHEFR K st A AR BY. X2 —1r Matlab A5,

Listing B.1 15 p(H,) 8 Matlab F2/7 X5
9% P
Number = [1:1:10];
index = isprime (Number);
Number(~index)= [];
P=Number;

%o L (X,Y)

CellofAnswerMatrix=cell (length (P) ,1);
RKVector=zeros (length (P) ,1);
PVector=zeros(length(P),1);
Pl1Vector=zeros (length(P),1);
P2Vector=zeros (length(P) ,1);
P3Vector=zeros (length(P),1);
IndexVector=zeros (length (P) ,1);

for IDP=2

NeedP=P(IDP); % #y N\ & % n

disp (IDP)

[X,Y]=meshgrid ([0:1:NeedP-1],[0:1:(NeedP-1)/2]); 9% = X (X,Y)
PointLocation=[X(:),Y(:)];

%oE (A, B)

[A,B]=meshgrid ([0:1:NeedP-1],[0:1:NeedP-1]); %0 < X (A,B)
ABPossibility=[A(:) ,B(:)];

NeededAB =[];
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for ID=1:size ( ABPossibility ,1)
if ABPossibility (ID,1)~=0
NeededAB=[NeededAB; ABPossibility (ID,:)];
end

end

Mo+ F- 4 [% 5t 4
AnswerMatrix=zeros (size (NeededAB,1) ,size (PointLocation ,1));
for IDl1=1:size (NeededAB,1)
NeededCurve=NeededAB (ID1 ,:);
for ID2=1:size (PointLocation ,1)
Value=PointLocation (ID2,1)"3+
NeededCurve (1)* PointLocation (ID2,1)+
NeededCurve (2)-PointLocation (ID2,2)"2;
if mod(Value, NeedP)==0
AnswerMatrix (ID1,1ID2)=1;
elseif mod(Value ,b NeedP)~=
AnswerMatrix (ID1,1ID2)=0;
end
end
end
CellofAnswerMatrix {IDP,1}=AnswerMatrix ;
SAVector=sum( AnswerMatrix );
PVector (IDP)=1length (find (SAVector==NeedP ));
P1Vector (IDP)=1length (find (SAVector==NeedP-1));
P2Vector (IDP)=1length (find (SAVector==NeedP-2));
P3Vector (IDP)=1length (find (SAVector==NeedP -3));
RKVector (IDP) = gfrank (AnswerMatrix ,2);
if RKVector(IDP)==size (AnswerMatrix ,2)
IndexVector (IDP)=1;
end

end
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figure (’Color’ ,[1,1,1]);

hold on;

plot (PVector,’ LineWidth’ ,3);
plot (P1Vector, LineWidth’ ,3);
plot (P2Vector, ’ LineWidth’ ,3);
plot (P3Vector,’ LineWidth’ ,3);
hold off

B.2 BRI H, W p(H,) NERF

FATX A T432F HERIENE H,ys BIRR p(H,s) BIFERF, X —F5 7 R
XUTFFEFT AR AR ). X2 — 1 Matlab A5,
Listing B.2 15 p(H,,) [ Matlab 271V
Nvector=2:12;
RankH=zeros (1,length (Nvector));
HCell=cell (length (Nvector) ,1);
for ID=4:6
n = Nvector(ID);
alpha = gf(2,n); % pm of F_I16
%% Step 1: form a complete H

q = 2"n;
H= [
GFO=gf (0 ,n);
for A = 0:q-1
GFA=gf (A,n);
for B = 0:q-1
GFB=gf (B,n);
for C = 1:q-1
GFC=gf (C,n);
tic;

disp ([q_l_A’ q_l_B’q_l_C])

62



HRaw = zeros(1,q"2);
for X = 0:qg-1

GFX=gf (X,n);
for Y = 0:q-1
GFY=gf (Y,n);
sY = GFY x GFY;
CY = GFC * GFY;
cX = GFX % GFX *x GFX;
AX = GFA x GFX;
sM = sY + CY + ¢cX + AX + GFB;

if sM == GFO
HRaw (Xxq+Y+1) = 1;
end
end
end
H = [H;HRaw];
end
toc;
end
end
% save H_F8.mat H;
RankH(ID)=gfrank (H,2);
HCell{ID,1}=H;

end

B.3 itRL&ME ¢ WR/NEBNIERF
PADX G HTT43 20 H RN Cg RN HURE R, 1X— 12 7 RS X
FERYTCALA . 32— Matlab A5,

Listing B.3 11& C(Hy) B/ NEEE Y Matlab #2HS
clear all;

load H_F8.mat;
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H2 = H(1:5,:);

H3 = H(11:16,:);

H4 = H(20:30,:);

H5 = H(42:44 ,:);

H6 = H(56,:);

HH = [H2;H3;H4;H5;H6];

9% gfrank (HH)
9 rv = randperm(35);
load rv.mat;
H_new = [];
for i = 1:35
H_new = [H_new HH(:,rv(i))];
end

gfrank (H_new)

for i = 1:26
%i
if Hnew(i,i) == 0
flag = O;

for k = i+1:26
if Honew(k,i) ==
h_tmp = H_new(k,:);
H_ new(k,:) = H_new(i,:);
H_new(i,:) = h_tmp;
flag = 1;
end
if flag ==
break;
end
end
end
for j = 1:26
if j ~=1i
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if Honew(j,i) ==
H_new(j ,:) = mod(H_new(j,:)+H_new(i,:) ,2);
end
end
end

end
P
G

H new(:,27:35);
[P".eye(9)];

cw_set = [];

pc_set = [];

for ii = 1:511
ii
ms = deci2bin (ii ,9);
cw = mod(ms*G,2);

% B 1) check
c_tmp = zeros(1,35);
for k = 1:35
c_tmp(rv(k)) = cw(k);
end
pp = sum(mod(Hxc_tmp’ ,2));
pc_set = [pc_set,pp];
cw_set = [cw_set;cw];
end

ss = sum(cw_set’)
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